We prove Schlichting's theorem for approximate subgroups: if X is a uniform family of commensurable approximate subgroups in some ambient group, then there exists an invariant approximate subgroup commensurable with X .
Introduction
Schlichting's Theorem was first introduced in [4] with the focus on the existence of normal subgroups. This theorem was rediscovered and generalized to commensurable subgroups permutated by some group of automorphisms by Bergman and Lenstra in [3] . It was further generalized to a wide class of structures including vector spaces, fields and sets by Wagner in [6] with the right notion of commensurability in each case. We state the group case here: If there is some n ∈ N such that [H : H ∩ H ′ ] < n for all H, H ′ ∈ F, then there is a subgroup N which is commensurable with every member of F, and invariant under all automorphisms of G which stabilize F set-wise.
Moreover, F ≤ N ≤ F and N is a finite extension of finite intersection of groups in F. In particular, if F is a family of definable groups, then N is also definable.
Approximate subgroups are subsets in an ambient group which are almost stable under products. They have a certain subgroup-like behaviour. Although the formal definition was given in [5] around 2008, approximate subgroups have been studied for more than fifty years, especially the case of sets of integers with small doubling in additive combinatorics. The study of general finite approximate subgroups has gained more attention since the work of Breuillard, Green and Tao around 2010 who gave a complete classification of finite approximate subgroups in [1] .
We recall the definition of an approximate subgroups.
Definition 3. Let K ∈ N be a parameter, G be a group and A ⊆ G. We say that A is a K-approximate subgroup, if
• A is symmetric: A = A −1 ; and
• there is a set X ⊆ G with |X| ≤ K such that AA ⊆ XA.
We can also consider a family of K-approximate subgroups which are uniformly "close" to each other and wonder if there is an invariant object. Here closeness is defined similar to the last requirement in the definition of approximate subgroups. More precisely:
Definition 4. Let G be an ambient group, X, Y approximate subgroups and N ∈ N. We say X is N -commensurable with Y if there are
A family X of approximate subgroups of G is called uniformly N -commensurable if X is N -commensurable with Y for all X, Y ∈ X .
We call X a uniform family of commensurable approximate subgroups if there are K, N ∈ N such that X is a family of uniformly N -commensurable K-approximate subgroups.
Let X , Y be uniform families of commensurable approximate subgroups and H be an approximate subgroup. We say X (or H) is commensurable with Y, if one/any member of X (or H respectively) is commensurable with one/any member of Y.
Thus, Schlichting's theorem for approximate subgroups would state:
Main Theorem. If X is a uniform family of commensurable approximate subgroups in an ambient group G, then there is an approximate subgroup H ⊆ G such that H is commensurable with X and invariant under all automorphisms of G stabilizing X set-wise.
Interestingly, the proof of the classification of finite approximate subgroups used model theoretic ideas and techniques introduced by Hurushovski in [2] . According to the main theorem in [2] , if we have a pseudofinite approximate subgroup, that is, an ultrapoduct of uniform finite approximate subgroups, then there is a type-definable subgroup of size comparable to the approximate subgroup that we start with. It remains a conjecture that there is a "large" type-definable subgroup inside any infinite approximate subgroup. If this were true, then we could easily deduce Schlichting's theorem for approximate subgroups from Schlichting's theorem for groups. In this paper, we will give an independent proof of Main Theorem. Thus, Schlichting's theorem holds for approximate subgroups, which in a sense can be seen as a positive evidence for the conjecture.
Proof of the Main Theorem
We first need some lemmas.
Lemma 5. Let X be a family of uniformly N -commensurable K-approximate subgroups in an ambient group G. Let T := 0≤i<n X i with X i ∈ X and n ≥ 1. Then T is at most (N K) n−1 N -commensurable with X for any X ∈ X .
Proof. Fix X ∈ X . By assumption, there are
On the other hand, as X is N -commensurable with X 0 ⊆ T , there is some Z with
Proof. Suppose, towards a contradiction, that |X 0 | > |Z|. Then there are x i , x j ∈ X 0 and z ∈ Z such that x i ∈ zY and x j ∈ zY . Now we can see that z ∈
Lemma 7. Let G be a group and X, Y be N -commensurable K-approximate subgroups. Then there is some E ⊆ G such that |E| ≤ KN and
By assumption, there is some
We now proceed to the proof of Main Theorem. Let G and X be given as in Main Theorem. We may assume that X is a family of uniformly N -commensurable K-approximate subgroups.
We define two new families. Let X 2 := {XX : X ∈ X } and
It is easy to see that X 2 is a family of uniformly N K-commensurable family of K 3 -approximate subgroups. Moreover, X 2 is commensurable with X .
for X ⊆ G, we write X k for the k-fold product of X. Fix k and Z = i∈I X i ∈ Z. Let X ∈ X 2 . By Lemma 7 we have
Hence, min k∈N max{[X : (X ∩ Z ′ ) 2 k ] : X ∈ X 2 } ≤ m, and they are equal by minimality of m. Thus, Z ′ ∈ Z m . We can also see from inequality (1) that
Proof. Clearly, if Z ⊆ Z ′ are both strong then η(Z ′ ) ⊆ η(Z). Let X ∈ η(Z ′ ) and
.
Lemma 10. Let Z ∈ Z be strong. Then N (Z) covers any X ′ ∈ X 2 with at most (KN ) 2 -translates.
translates, where Y ∈ X 2 and Y ⊆ Z. As X 2 is KN -uniformly commensurable, N (Z) covers any X ′ ∈ X 2 with at most (KN ) 2 -translates.
For any Z = i∈I Z i ∈ Z, define n(Z) = |I| (we regard Z as a formal family of finite unions of members in X 2 ). Let n 0 := min{n(Z) : Z strong.} Lemma 12. Let Z 0 be strong and n(Z 0 ) = n 0 . Then there is N Z ∈ N depending on n 0 , k 0 , K and N such that (Z 0 ) 2 k 0 +1 is N Z -commensurable with any X ∈ X 2 , and
Proof. Suppose Z 0 = i∈I X i with X i ∈ X 2 . Then
X is at most (K 4 N ) 2 k 0 +1 −1 KN -commensurable with each i<2 k 0 +1 X f (i) by Lemma 5 and the remark before Definition 8. Therefore, X covers (Z 0 ) 2 k 0 +1 with at most
translates. As any X i ⊆ Z 0 covers X with at most KN -translates, so does (Z 0 ) 2 k 0 +1 . Similarly, (Z 0 ) 2 k 0 +2 is at most (N Z ) 2 -commensurable with any X ∈ X 2 . Define I := {N (Z) : Z strong and there is Z ′ ⊆ Z with Z ′ strong and n(Z ′ ) = n 0 }, and define a subclass I ′ := {N (Z) : Z strong and n(Z) = n 0 }.
Lemma 13. I is a uniform family of commensurable approximate subgroups.
Proof. Clearly, any N (Z) ∈ I is symmetric and contains the identity. Moreover, as Z ⊇ Z 0 for some Z 0 strong and n(Z 0 ) = n 0 , we get
is N Z -commensurable with any X ∈ X 2 by Lemma 12. Since (Z 0 ) 2 k 0 +2 is (N Z ) 2 -commensurable with any X ∈ X 2 and N (Z) covers X with at most (KN ) 2 -translates by Lemma 12 and Lemma 10, we get
where
is N Z -commensurable with any X ∈ X 2 and N (Z ′ ) covers X by (KN ) 2 -translates, we get
for some |T ′ 0 | ≤ N Z and |T ′ 1 | ≤ (KN ) 2 . We conclude that I is a family of uniformly N Z (KN ) 2 -commensurable (N Z KN ) 2 -approximate subgroups.
Note that I is also invariant under all automorphisms of G stabilizing X set-wise, and it is commensurable with X .
If I has a minimal element H, then H is commensurable with any X ∈ X and invariant under all automorphisms stabilizing X set-wise. And the proof is done.
Otherwise, we do a dual construction with the family I to get another family of uniformly commensurable approximate subgroups which is closed under finite union.
Note . . , x m ′ T } be a maximal disjoint family in {iT : i ∈ I}. For any J ⊇ I and J ∈ I m ′ , we have {x 1 T, . . . , x m ′ T } must also be maximal disjoint in {jT : j ∈ J}. Therefore, J ⊆ 1≤i≤m ′ x i T 2 and
For any n ∈ N and J 0 , . . . , J n ∈ I m ′ , there is some I ∈ I such that i≤n J i ⊇ I by Lemma 11. As J i ∈ I m ′ we have I ∈ I m ′ . Therefore, i≤n J i ⊆ {J ⊇ I, J ∈ I m ′ }.
Lemma 14. Y is a uniformly commensurable family.
By that I is a family of uniformly
Clearly, Y is also commensurable with X . Note that any Y = i≤n J i Y is symmetric and contains the identity. Moreover, by that I is a family of uniformly N Z (KN ) 2 -commensurable (N Z KN ) 2 -approximate subgroups, we get
Therefore, Y is an approximate subgroup. But we cannot deduce that they are uniformly approximate subgroups from the above argument. We conclude that Y is a family of approximate subgroups which are uniformly commensurable and closed under finite union.
For any X = X −1 ⊆ G define X := k∈N X k , the group generated by X.
Lemma 15. There is no
Proof. Suppose, towards a contradiction, that there is such a chain. Then for each i < N Y , there is some 
which contradicts our assumption.
Let H := Y ⊆ (Y max ) n 1 . Then clearly, H is invariant under all automorphisms stabilizing X . Moreover, as Y max is an approximate subgroup commensurable with any X ∈ X , we get H is commensurable with X . Clearly, it is also an approximate subgroup as Y max is. This ends the proof of Main Theorem.
Discussion:
• Note that H = Y = I m ′ . As H and I m ′ are both commensurable with X, any union of a subfamily of I m ′ which is invariant under all automorphisms of G stabilizing X set-wise should also be a witness of Theorem 1. In particular, we can define the following subfamily of I m ′ . Let
and
is also an approximate subgroup commensurable with X invariant under all automorphisms of G stabilizing X set-wise.
• Suppose X is uniformly definable, that is, a definable family of definable approximate subgroups. It is not clear that H is also definable, as H = I m ′ and members of I m ′ are of the form N (X 1 ∪ · · · ∪ X n ) where X i ∈ X 2 and n ∈ N. The problem is that there is no upper-bound for n, all finite unions are possible.
However, H ′ is definable. To see this, we need to go back to the proof. As X is uniformly definable, so is X 2 , but neither are Z or Z m . However, knowing m, k 0 and n 0 , the set of strong Z with n(Z) = n 0 is uniformly definable. Given m, k 0 and a strong Z, we have that η(Z) is definable, hence N (Z) is also definable. Therefore, I ′ is uniformly definable. Similarly, knowing m ′ and n 2 additionally, Y ′ is uniformly definable, thus H ′ is definable.
But unlike the case of groups, neither H nor H ′ is obtained by finite operations, the defining formula for H ′ should involve additional existential and universal quantifiers.
If X is a type-definable family of (type-)definable approximate subgroups, then H ′ is also type-definable.
• Suppose H ′ is a K H ′ -approximate subgroups N H ′ -commensurable with any X ∈ X . We cannot deduce an upper bound for neither K H ′ nor N H ′ from our construction, as we do not have control over m, k 0 , n 0 , n 1 , n 2 .
However, there is a uniform bound for any family of uniformly N -commensurable K-approximate subgroups by compactness. In fact, we claim that there is a finite set ∆ of formulas with the following property: for any family X of uniformly Ncommensurable K-approximate subgroups there is ϕ ∈ ∆ such that ϕ(X ) is an approximate subgroup commensurable with X and invariant under automorphisms stabilizing X . Suppose not. Let ϕ 0 , ϕ 1 , · · · be a list of all formulas (note that the language is countable). Let X i be the family of uniformly N -commensurable Kapproximate subgroups such that none of {ϕ 0 , · · · , ϕ i } can define an approximate subgroup commensurable with X i and invariant under automorphisms stabilizing X i . Let X := X i /U be an ultraproduct over some non-principal ultrafilter U . Then by the discussion before, there will be some formula ϕ defining an approximate subgroup in X with the desiring properties, whence also for almost all X i , which leads to a contradiction.
• If X is a family of uniformly N -commensurable finite K-approximate subgroups, then Main Theorem holds as the trivial subgroup {id} is a witness. However, if the size of X ∈ X is large compared to N and K, then H and H ′ we construct will also be of size comparable with X ∈ X , and in particular non-trivial.
